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We propose a new chirality-imbalance phenomenon arising in baryonic/high dense matters under
a magnetic field. A locally chiral-imbalanced (parity-odd) domain can be created due to the electro-
magnetically induced U(1)A anomaly in high-dense matters. The proposed local-chiral imbalance
generically possesses a close relationship to a spacial distribution of an inhomogeneous chiral (pion)-
vector current coupled to the magnetic field. To demonstrate such a nontrivial correlation, we take
the skyrmion crystal approach to model baryonic/high dense matters. Remarkably enough, we find
the chirality-imbalance distribution takes a wave form in a high density region (dobbed “chiral-
imbalance density wave”), when the inhomogeneous chiral condensate develops to form a chiral
density wave. This implies the emergence of a nontrivial density wave for the explicitly broken
U(1)A current simultaneously with the chiral density wave for the spontaneously broken chiral-
flavor current. We further find that the topological phase transition in the skyrmion crystal model
(between skyrmion and half-skyrmion phases) undergoes the deformation of the chiral-imbalance
density wave in shape and periodicity. The emergence of this chiral-imbalance density wave could
give a crucial contribution to studies on the chiral phase transition, as well as the nuclear matter
structure, in compact stars under a magnetic field.
I. INTRODUCTION
Exploring the properties of QCD under an extreme
environment has attracted a lot of attentions to extract
a novel insight of the nonperturbative nature of QCD
involving the chiral-symmetry breaking structure. Par-
ticularly, it would be important to ask how much the
U(1)A breaking (anomaly) can serve as a source for the
baryonic matter structure, while competing with contri-
butions from the spontaneous breaking of the chiral sym-
metry, which would also be linked to the origin of the
nucleon mass.
Regarding a nontrivial issue on the U(1)A anomaly
under exotic environments, it has been expected [1–16]
in the hot QCD system that the local-parity-odd do-
main would show up due to the nonzero chirality (some-
times called the chiral-charge separation) induced by
the anomalous U(1)A current coupled to the topological
gluon configuration (sphaleron [17, 18]). This local P -
odd domain, called the chiral-imbalance medium [19], is
expected to be observed as the nontrivial consequences
for the presence of the U(1)A anomaly (and/or strong
CP violation) in heavy ion collisions, although being
metastable to be gone after the typical time scale of QCD
pasts [19–23]. Such a chiral imbalance medium is char-
acterized by the chiral (axial) chemical potential (often
denoted by µ5), and has so far extensively been searched
based on various arguments in hot QCD matter applied
to heavy ion collision experiments, e.g. [1–16] and [24–
31].
In place of invoking the gluonic U(1)A anomaly, a lo-
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cal chiral-imbalance medium can actually be created even
in other specific environments apart from QCD. For in-
stance, weak interactions generically break the parity
and lead to the chirality imbalance. Indeed, it has re-
cently been shown [32–37] that the chirality imbalance
for weakly interacting leptons can be generated in a pro-
cess of supernova explosions, through the chiral transport
mechanism acting on neutrinos. Moreover, a signal in-
duced from the chiral imbalance medium (so-called the
chiral magnetic effect) has actually been observed in a
condense matter system, called Weyl semimetals [38–40].
Thus, understanding of the chirality imbalance as well as
the U(1)A anomaly has recently been developing and is
currently getting interdisciplinary.
In this paper, we propose a novel possibility to create
a (stable) chiral-imbalance medium in a high dense QCD
with a strong magnetic field. Our central idea is built on
a simple observation as follows.
In zero-temperature environment, the topologically
nontrivial gluon configuration will not survive longer
enough to stay in the QCD time scale, due to the gigan-
tic exponential suppression form of the instanton con-
figuration. Thereby, the U(1)A anomaly of the gluon-
field strength form ∼ ǫµνρσGµνGρσ is supposed to unde-
tectable, in contrast to the finite temperature case with
the QCD sphaleron configuration. Instead of the gluonic
contribution, the chiral imbalance for quarks can be in-
duced by the electromagnetic U(1)A anomaly, where the
U(1)A symmetry is explicitly broken by coupling the chi-
ral quarks to the electromagnetic current, yielding the
anomaly form like ǫµνρσF
µνF ρσ, where Fµν stands for
the electromagnetic filed strength.
Now, consider a high-dense matter system under a
magnetic field, inside of which charged pions form the
pion-vector current Jpiµ = i(∂µπ
+π−− π+∂µπ−), coupled
to the electromagnetic field, and then might also couple
2to the electromagnetic U(1)A anomaly as above. Of im-
portance here is to note that as discussed in [41–44], in
a high-dense medium with a strong magnetic field, the
pions can locally form condensates, (so-called inhomoge-
neous chiral condensates), so that the pion-vector current
Jpiµ can also have a locally nontrivial distribution in the
medium. Suppose the medium to be so high-dense like
that, in such a way that the dense matter can be highly
compressed to be almost static. In that case, we may
expect to have a local-chiral density (ρ5(~x) with ~x be-
ing three-dimensional spatial vector) associated with the
U(1)A anomaly in the high-dense medium, like
ρ5(~x) ∼ ǫ0µνρJpiµ (~x)Fνρ(~x)/f2pi
∼ ~Jpi(~x) · ~B(~x)/f2pi . (I.1)
The nonzero ρ5 in Eq.(I.1) manifestly implies the emer-
gence of a chirality-imbalance driven in the presence of
a magnetic field and a nontrivial spatial distribution for
a pion-vector current. In fact, one could immediately
find the existence of the interaction terms as in Eq.(I.1),
once writing down the conventional chiral Lagrangian in-
cluding the chiral anomaly part: the interaction terms of
this type can be generated via the Wess-Zumino-Witten
(WZW) term [45, 46], when the U(1)A charge and the
isospin charge plus baryon number are gauged to be
identified with the chiral chemical potential µ5 and the
electromagnetic charge for quarks, respectively. Then
the functional derivative of the chiral Lagrangian with
respect to the µ5 will immediately lead to the chiral-
imbalance density in Eq.(I.1) #1. Therefore, might it
sound trivial? — the answer is “No.”. From Eq.(I.1) one
would expect a nontrivial correlation between the pres-
ence of the chirality imbalance and the inhomogeneity of
the pion-vector current (arising from the inhomogeneous
chiral condensate) in medium. That is, Eq.(I.1) would
provide a significant possibility to examine how much the
U(1)A anomaly can be correlated with the spontaneously
broken chiral symmetry, by setting the chiral dynamics in
a high-dense medium with use of a magnetic field as the
probe.
To monitor a nontrivial physics derived from the ρ5 in
Eq.(I.1), in this paper we take the skyrmion crystal ap-
proach [49, 50] as a candidate effective model for describ-
ing the baryonic/high-dense matter. In the skyrmion
crystal approach, the baryonic matter is described by
putting the skyrmions on lattice vertices of a crystal
structure. Actually, the large-Nc QCD supports that a
topologically-static soliton arising as a skyrmion can be
regarded as a baryon [46, 51]. By using the skyrmion
#1 Several discussions on chirality-imbalance effects, induced with
a strong magnetic field for hadron physics, arising through the
WZW term, have been made so far [47, 48]. However, to our best
knowledge, no references have picked up the interaction term as
in Eq.(I.1), which involves the pion-vector current part, instead
of the external photon field.
crystal approach, the baryonic matter can also be de-
scribed as the topologically static-object. In high density
region, where baryons is so compressed to be a static ob-
ject, the skyrmion crystal is a powerful approach for the
qualitative-baryon description #2 as if they could form
crystals [44, 53–61].
The skyrmion crystal picture is indeed in accord with
the desired setup for the emergence of a local-chirality im-
balance proposed in Eq.(I.1). Besides, the skyrmion crys-
tal approach predicts a characteristic phenomena which
is called topological phase transition” (for reviews see
e.g., Refs. [57–59]). If we choose the underlying struc-
ture as the face-centered-cubic (FCC) crystal, the crystal
configuration is changed from a FCC crystal to a cubic-
centered crystal (CC). Actually, it has been indicated
that the results from effective field theories, in which
such a topological phase transition is encoded, can be
consistent with the present observation of neutron star
physics [62–64]. Those facts would give us another in-
teresting chance to investigate some correlations between
the chirality imbalance and the baryonic matter struc-
ture.
We demonstrate that a nontrivial correlation between
the chiral imbalance distribution and the baryonic/high-
dense matter structure actually shows up: it turns out
that the ρ5 as in Eq.(I.1) emerges to form a density
wave, simultaneously with a chiral density wave for a
pion-vector current Jpiµ . It is dobbed “chiral-imbalance
density wave”. We also observe that the periodicity of
the chiral-imbalance density wave harmonizes to almost
coincide with the previously proposed inhomogeneous-
chiral condensate distributions induced on the skyrmion
crystal [44].
The emergence of this chiral-imbalance density wave
would significantly contribute to studies on the chiral
phase transition under a magnetic field with the inho-
mogeneous chiral condensates (chiral density waves) in-
corporated, as has been discussed in [41–43] in different
setup for chiral effective models, and also on the nuclear
matter structure, in compact stars holding a magnetic
field.
This paper is organized as follows: In Sec. II we start
with introduction of our target model-setup, by reviewing
the skyrmion crystal approach for modeling of baryonic
matters. This part also includes introduction of a mag-
netic field and a chiral chemical potential in the chiral ef-
fective model, so as to examine the chirality imbalance in-
duced by a magnetic field. Then we explicitly see that the
chiral imbalance density as proposed in Eq.(I.1) indeed
shows up in the present setup. Quantities related to the
inhomogeneous chiral condensate as well as the baryon
number density are also derived there. Sec. III provides
#2 Going beyond such qualitative arguments on the baryon descrip-
tion, it has recently been suggested that the skyrmion approach
could quantitatively be consistent with realistic light nuclei with
a desirable size of the binding energy [52].
3the numerical analysis on the chiral imbalance distribu-
tions in the skyrmion crystal, and shows the emergence
of the chira-imbalance density wave, and several related
phenomena, such as correlation with the inhomogeneity
of the chiral condensate. Conclusion for the present pa-
per is given in Sec.IV. Appendix A compensates knowl-
edge on symmetry properties for the chiral-imbalance dis-
tribution and the inhomogeneous chiral condensate, in
the skyrmion crystal.
II. CHIRALITY IMBALANCE IN SKYRMION
CRYSTAL UNDER A MAGNETIC FIELD
In this section, we first introduce preliminary setups in
studying the magnetic properties of the skyrmion crystal,
such as the basic construction in the chiral limit (Part A)
and see how the baryon number density is modified by
the presence of a magnetic field which explicitly breaks
the chiral symmetry (Part B). And then, we discuss how
the magnetic-field driven U(1)A anomaly induces the chi-
rality imbalance (Part C).
A. Skyrmion crystal approach
The Skyrme model [49] based on the 2-flavor chiral
symmetry is described in the chiral limit by the following
Lagrangian:
LSkyr = f
2
pi
4
tr
[
∂µU∂
µU †
]
+
1
32g2
tr
[
U †∂µU,U †∂νU
]2
,
(II.2)
where U is the chiral field parameterized by the pion
fields, fpi the pion decay constant, and g the dimension-
less coupling constant. In the skyrmion crystal approach,
the chiral field U is parameterized as
U = φ0 + iτaφa, (II.3)
with a = 1, 2, 3, τa being the Pauli matrices, and the uni-
tary constraint (φ0)
2 + (φa)
2 = 1. For later convenience,
we also introduce unnormalized fields φ¯α (α = 0, 1, 2, 3),
which are related to the corresponding normalized ones
through
φα =
φ¯α√∑3
β=0 φ¯βφ¯β
. (II.4)
We will consider the static skyrmion crystal formed by
the static pion fields, φα(t, x, y, z) = φα(x, y, z). In a
crystal lattice with a periodicity of 2L (the size of the
unit cell for a single crystal), the static pion fields can be
expanded in terms of the Fourier series [53]:
φ¯0(x, y, z) =
∑
a,b,c
β¯abc cos(aπx/L) cos(bπy/L) cos(cπz/L)
φ¯1(x, y, z) =
∑
h,k,l
α¯
(1)
hkl sin(hπx/L) cos(kπy/L) cos(lπz/L)
φ¯2(x, y, z) =
∑
h,k,l
α¯
(2)
hkl cos(lπx/L) sin(hπy/L) cos(kπz/L)
φ¯3(x, y, z) =
∑
h,k,l
α¯
(3)
hkl cos(kπx/L) cos(lπy/L) sin(hπz/L) ,
(II.5)
where h, k and l are taken to be integers. In the present
study, we shall construct the FCC crystal from the
skyrmion approach. Then we need to impose some con-
straint conditions on the Fourier coefficient α¯ and β¯ (for
more on this, see [53]).
It is also interesting to note that in the skyrmion crys-
tal approach the configuration of the φα(x, y, z) can be
rephrased as the inhomogeneous quark condensates like,
φ0(x, y, z) ∼ 〈0|q¯q|0〉(x, y, z)
φa(x, y, z) ∼ 〈0|q¯iγ5τaq|0〉(x, y, z). (II.6)
The skyrmion crystal approach has the characteristic
phenomena which is so-called topological phase transi-
tion. At some critical lattice size, this phase transi-
tion occurs in the skyrmion crystal. As a result, the
FCC crystal structure changes to be the CC form. In
terms of the phase transition, the low density region
with the skyrmion crystal realized as the FCC form is
called skyrmion phase”, while the high density region
where the CC structure is manifest, called half-skyrmion
phase” [44, 53–61].
B. Baryon number density in a magnetic field
To consider the magnetic effect on the skyrmion crys-
tal, we introduce the external vector field Vµ and the
external axial field Aµ, by gauging the chiral symmetry,
DµU = ∂µU − i[Vµ, U ] + i{Aµ, U}. (II.7)
The magnetic field (B), the baryon chemical potential
(µB) and the chiral chemical potential (µ5) are embedded
into the Vµ and Aµ,
Vµ = QB µBδµ0 + eQemAµ
Aµ = µ5δµ012×2, (II.8)
where QB =
1
312×2 is the baryon number charge matrix,
Qem =
1
612×2 +
1
2τ3 the electric charge matrix, and the
magnetic field B is incorporated into Aµ. In this study,
we consider a constant magnetic field (B) along the z
axis. Then, the magnetic field breaks the O(3) symmetry
down to the O(2) symmetry. To respect the residual O(2)
symmetry, we choose the following symmetric gauge,
Aµ = −1
2
Byδ 1µ +
1
2
Bxδ 2µ . (II.9)
The covariantized Wess-Zumino-Witten (WZW) ac-
tion (ΓWZW =
∫
d4xLWZW), which corresponds to the
4solution for the non-Abelian U(2)L × U(2)R anomaly
equation, makes the baryon number density ρB coupled
to the baryon chemical potential µB. Hence, the ρB is
given by [65–67]
ρB =
∂Lwzw
∂µB
∣∣∣∣∣
µB=0
= ρW + ρ˜eB (II.10)
with
ρW =
1
24π2
ǫ0νρσtr
[
(∂νU · U †)(∂ρU · U †)(∂σU · U †)
]
ρ˜eB =
ie
16π2
ǫ0νρσ∂σ
(
tr[AνQem{∂ρU,U †}]
)
, (II.11)
where ρW denotes the winding-number density and ρ˜eB is
the induced baryon number density. By taking the sym-
metric gauge in Eq.(II.9), ρB is evaluated as a function
of a set of the topological φα fields (Eq.(II.3)) as follows:
ρB =
1
24π2
ǫ0νρσtr
[
(∂νU · U †)(∂ρU · U †)(∂σU · U †)
]
∣∣∣∣∣
φα
− eB
4π2
[(∂zφ3)φ0 − (∂zφ0)φ3]
+
eB
8π2
({[y∂yφ3]disc(∂zφ0)− [y∂yφ0]disc(∂zφ3)}
− {(∂zφ3)[x∂xφ0]disc − (∂zφ0)[x∂xφ3]disc}
)
. (II.12)
Here we have used discretized form with a derivative op-
erator such as [y∂yφ3]disc to hold the translational invari-
ance in the skyrmion crystal (the explicit expressions and
more details are supplied in [44]).
In the skyrmion crystal approach, the skyrmion crys-
tal configuration can be visualized through the baryon-
number density distribution ρB(x, y, z). Therefore the
external magnetic field deforms the skyrmion configura-
tion due to the existence of the induced baryon number
density, as discussed in [44].
C. Induced chiral-imbalance density
Now we discuss how the chirality imbalance shows up
under a magnetic field through the U(1)A anomaly. We
first note that in a way similar to the baryon number
density, the covariantized WZW action regarding the
U(2)L × U(2)R anomaly makes it possible to couple the
chirality imbalance functional ρ5 (hereafter called chiral
imbalance distribution) with the chiral chemical poten-
tial µ5. It arises from the V − V − A type interaction
terms, to be
ρ5 =
∂Lwzw
∂µ5
∣∣∣∣∣
µ5=0
=
ie
16π2
ǫ0νρσ∂ν
(
tr[AρQem[∂σU,U
†]]
)
=
e
8π2
tr
[
Qem
{
F˜ 0µHµ(U) + F˜
0µ(U)Aµ
}]
, (II.13)
where Hµ(U) = i[∂µU,U
†] denotes a pion-vector cur-
rent field (sometimes called a chiral connection field) and
F˜ 0µ ≡ 12ǫ0µνρFνρ is a generic magnetic field strength.
Thus the chiral imbalance density ρ5 is supplied by the
pionic vector current coupled to the external magnetic
field.
At this moment, we have arrived at our central for-
mula, Eq.(II.13), which is a generalization form for
Eq.(I.1). Indeed, this is in accord with the form of
the U(1)A anomaly ∼ F˜µνFµν , where one of the field
strength Fµν is replaced by the one constructed from the
pionic-vector current Hµ(U).
Projecting the generic formula of Eq.(II.13) onto the
skyrmion crystal approach, we see that the ρ5 is ex-
pressed by a set of skyrmion configurations parametrized
by the topological φα fields, as in Eq.(II.3). Under the
symmetric gauge in Eq.(II.9), the chiral imbalance dis-
tribution ρ5 is thus evaluated as
ρ5 =
eB
4π2
{
(∂zφ1)φ2 − (∂zφ2)φ1
}
+
eB
8π2
(
[x∂xφ1]disc + [y∂yφ1]disc
)
(∂zφ2)
− eB
8π2
(
[x∂xφ2]disc + [y∂yφ2]disc
)
(∂zφ1) . (II.14)
Here we have used the discretized form in similar way to
Eq.(II.12). Crucial to note here is that no chirality im-
balance distribution emerges without nonzero magnetic
field. Note also that the space averaged value of ρ5 goes
to zero:
∫
cube
d3xρ5 = 0. This is because of the parity-
odd property. (Or, more generically, it is due to the fact
that no nontrivial configuration is presented for the exter-
nal gauge field Aµ at the boundary of the target cube. See
Eq.(II.13).) Hence, these facts imply that the skyrmion
crystal is turned into the local-chiral imbalance medium
by the presence of a magnetic field, in which the local-
chiral imbalance distribution would be expected to have a
nontrivial correlation with the local-inhomogeneous chi-
ral condensates in Eq.(II.6), as well as the local-baryon
number density distribution given by ρB in Eq.(II.12).
III. NUMERICAL RESULTS
In this section we numerically examine the chiral im-
balance distribution ρ5 in Eq.(II.14) and make an at-
tempt to find its nontrivial correlation with the baryon
matter structure, based on the skyrmion crystal approach
under a magnetic field. The baryon matter structure can
be monitored by examining the position dependence of
ρB in Eq. (II.12), and the chiral imbalance distribution
ρ5 by Eq.(II.14). We then note that the baryon num-
ber density ρB and the chiral imbalance distribution ρ5
are expressed as the function of the Fourier coefficients
β¯abc and α¯
(i)
hkl, as seen from Eq. (II.5). There the Fourier
coefficients are determined by minimizing the per-baryon
energy E/NB = − 14
∫
cube
d3xLSkyr, with NB having been
5taken to be 4, and
∫
cube
=
∫ L
−L dx
∫ L
−L dy
∫ L
−L dz. (Note
that the magnetically induced ρ˜eB in Eq.(II.11) vanishes
in the integral, because of the trivial configuration for the
gauge field Aµ at the boundary of the target cube, hence
it does not affect the total baryon number at all.) Then,
the per-baryon energy is also expressed as a function of
the Fourier coefficients β¯abc, α¯
(i)
hkl which are used as vari-
ational parameters in the numerical calculation. Once
the strength of a magnetic field is fixed, the Fourier co-
efficients for a given set of crystal size L is determined
by minimizing the per-baryon energy. Thus, the Fourier
coefficients β¯abc, α¯
(i)
hkl depend on the crystal size L and a
magnetic field scale eB. For numerical computations, we
take fpi = 92.4MeV and g = 5.93 as inputs [58].
A. Chiral imbalance distribution on the skyrmion
crystal: chiral-imbalance density wave
In this subsection we examine the chirality imbalance
on the skyrmion crystal configuration in the presence of
a magnetic field, which can be visualized through the
chiral imbalance distribution, ρ5, and the baryon-number
density distribution, ρB, respectively.
In Figs. 1 and 2, we plot the skyrmion crystal con-
figurations and the chiral imbalance distribution ρ5 in a
low density region where L = 2.0 fm (corresponding to
the skyrmion phase), with the magnetic field scale fixed
to 400 MeV and 800 MeV, respectively. The magnitude
of ρ5 has been amplified by multiplying a factor of 10,
because of its smallness compared to the baryon number
density ρB.
First, see the left panels in the figures (the panels (a)),
showing the skyrmion crystal configurations character-
ized by the baryon number density ρB under a magnetic
field. We then find that even in the presence of a mag-
netic field, the skyrmion crystal keeps the FCC structure,
as was discussed in [44].
Looking at the middle panels (b) in Figs. 1 and 2:
one realizes that remarkably nontrivial phenomenon has
been emergent. These panels display the chiral imbalance
distributions in the skyrmion crystal, and show that the
chirality imbalance shows up on the skyrmion crystal to
be locally distributed on the FCC crystal configuration.
Interesting enough, such a chiral imbalance distribution
looks like forming a wave (with odd parity). This can
be dubbed “chiral-imbalance density wave”, which flows
quite differently from the baryon number density on the
crystal.
From the left panels in the figures (panels (c)), we also
see that the magnitude of the chiral imbalance distribu-
tion gets bigger, as a magnetic field increases, which is
simply expected from the form of the functional of ρ5 in
Eq.(II.14).
Next, in Figs. 3 and 4, we draw the skyrmion config-
urations and the chiral imbalance distribution in a high
density region where L = 1.0 fm (corresponding to the
half-skyrmion phase), with
√
eB = 400 and 800 MeV,
respectively. At the first glance, one immediately finds
that as a magnetic field gets bigger, the CC configuration
dramatically becomes distorted (Figs. 3(a) and 4(a)), as
was observed in [44].
As for the chiral imbalance distribution, again, the
configuration of ρ5 forms a wave (the chiral-imbalance
density wave), which, however, looks quite similar to the
skyrmion configuration except for the parity property.
This is in contrast to the case of the skyrmion phase, as
depicted in Figs. 3(b) and 4(b). This observation indi-
cates a nontrivial consequence that the topological phase
transition leads to the change of the chiral-imbalance
density wave in shape.
Similarly to the case for the skrymion phase, Figs. 3(c)
and 4(c) also show that the chiral imbalance distribution
grows up as the baryonic matter approaches a higher-
intense object influenced by a strong magnetic field (with√
eB = 800MeV).
6(a)
(b)
ρB(x,L/8,L/8)
ρ
5
(x,L/8,L/8)×10
(c)
FIG. 1: The chiral imbalance distribution on the skyrmion configuration at L = 2.0[fm] for
√
eB = 400[MeV]. (a) The contour
plot of the skyrmion configuration on the x-y plane, ρB(x, y, L/8). (b) The contour plot of the chiral imbalance distribution
on the x-y plane, ρ5(x, y, L/8). (c) The distribution of the skyrmion and the chiral imbalance along the x axis specified at
y = z = L/8 = 0.25[fm].
(a)
(b)
ρB(x,L/8,L/8)
ρ5(x,L/8,L/8)×10
(c)
FIG. 2: The chiral imbalance distribution on the skyrmion configuration at L = 2.0[fm] for
√
eB = 800[MeV]. (a) The contour
plot of the skyrmion configuration on the x-y plane, ρB(x, y, L/8). (b) The contour plot of the chiral imbalance distribution
on the x-y plane, ρ5(x, y, L/8). (c) The distribution of the skyrmion and the chiral imbalance along the x axis specified at
y = z = L/8 = 0.25[fm].
(a)
(b)
ρB(x,L/8,L/8)
ρ5(x,L/8,L/8)×10
(c)
FIG. 3: The chiral imbalance distribution on the skyrmion configuration at L = 1.0[fm] for
√
eB = 400[MeV]. (a) The contour
plot of the skyrmion configuration on the x-y plane, ρB(x, y, L/8). (b) The contour plot of the chiral imbalance distribution
on the x-y plane, ρ5(x, y, L/8). (c) The distribution of the skyrmion and the chiral imbalance along the x axis specified at
y = z = L/8 = 0.125[fm].
7(a) (b)
ρB(x,L/8,L/8)
ρ5(x,L/8,L/8)×10
(c)
FIG. 4: The chiral imbalance distribution on the skyrmion configuration at L = 1.0[fm] for
√
eB = 800[MeV]. (a) The contour
plot of the skyrmion configuration on the x-y plane, ρB(x, y, L/8). (b) The contour plot of the chiral imbalance distribution
on the x-y plane, ρ5(x, y, L/8). (c) The distribution of the skyrmion and the chiral imbalance along the x axis specified at
y = z = L/8 = 0.125[fm].
B. Chiral-imbalance density wave and chiral
density wave
In the previous work done by authors [44], a possi-
ble correlation between the inhomogeneous quark con-
densate and the deformation of the skyrmion crystal
form was addressed. In this subsection, we shall fur-
ther show a remarkable presence of a nontrivial correla-
tion between the chiral imbalance distribution, i.e., the
chiral-imbalance density wave, and the inhomogeneous-
chiral condensate distribution, i.e., a chiral density wave,
as was observed in [44]. As to the latter distribution, we
may select the inhomogeneity of φ1 associated with the
inhomogeneous quark condensate (see Eq.(II.6)). This
is because among the inhomogeneous chiral condensates
∼ φα in Eq.(II.6), only the φ1 has the same parity prop-
erty as the ρ5 along the x-direction (see Eq.(II.5)), hence
it is most convenient to compare the ρ5 distribution with
that of the φ1 along the x-axis as has been depicted in
the distribution plots so far.
Before proceeding the comparison between the ρ5 and
the φ1, we first note from Figs 1, 2, 3, and 4 that the mag-
nitude of the chiral-inhomogeneous density wave is much
smaller (by a factor of 10) than the baryon number distri-
bution (skyrmion configuration) in the system. Though
it implies a small U(1)A anomaly effect, we may try to
see how the local chirality imbalance is responsible for the
nonzero inhomogeneity of φ1, in both the skyrmion and
half-skyrmion phases, by comparing the wave forms and
the peak structures for the chiral-inhomogeneous density
wave and a chiral density wave. The observation like
this would deduce a quantitative understanding on how
much the U(1)A anomaly effect is encoded in the chiral
condensate. To easily see and visually grasp a nontrivial
correlation in such peak structures by eyes, we may am-
plify the amplitude of ρ5 in the (half-) skyrmion phase,
by a factor defined as
C
(h−)skyr
400(800) ≡
φmax1 (x¯, y = z = L/8)|√eB=400(800)MeV
ρmax5 (x¯, y = z = L/8)|√eB=400(800)MeV
,
(III.15)
where “max” denotes the maximum value realized at
(x, y, z) = (x¯, L/8, L/8) for given
√
eB (in which the x¯
is just a number, to be read off). Thus, the amplified
chiral-imbalance distribution, (ρ5 × C(h−)skyr400(800) ), is set to
a dimensionless quantity as well as the φ1, and can have
the same order of magnitude as what the φ1 can have.
In Fig. 5 we plot the amplified chiral-imbalance distri-
butions, (ρ5×Cskyr400(800)), and the inhomogeneity distribu-
tions for φ1, in the skyrmion and half-skyrmion phases,
respectively. From this figure, we find the following fea-
tures:
• As the strength of a magnetic field increases, the
inhomogeneity of φ1 tend to be localized and the
amplitude of φ1 becomes small, as discussed in [44].
• As for the correlation between the chiral-imbalance
density wave and a chiral density wave depicted by
the inhomogeneity of φ1, the peak point for the
former does not match with that of the φ1-chiral
density wave.
Moving on to the half-skyrmion phase, we make
plots of the amplified chiral-imbalance distribution, ρ5×
Ch−skyr400(800), and the inhomogeneities of φ1 in Fig. 6. The
figure tells us the following characteristic properties:
• In contrast to the skyrmion phase, the magnetic
effect is insensitive to the inhomogeneous configu-
ration of φ1, as discussed in [44].
• The periodicity of the chiral-imbalance density
wave (ρ5×Ch−skyr400(800)) synchronizes with a chiral den-
8sity wave formed by the φ1 inhomogeneity for any
strength of a magnetic field.
It is of particular interest to note from the second item
that in the half-skyrmion phase the presence of a mag-
netic field makes a nontrivial correlation between the chi-
rality imbalance and the inhomogeneous quark condense,
in terms of the periodicity for density wave distributions.
Actually, the coincidence of the periodicity in the half-
skrymion phase can analytically be understood as by the
symmetry properties for the ρ5 and φ1 on crystals given
in Eqs. (A.1) - (A.4), in Appendix A.
Those nontrivial-wave correlations having a different
aspect between the skrymion and half-skyrmion phases
would provide us with a novel possibility: the presence
of the chiral-imbalance density wave as a consequence of
the U(1)A anomaly would be an important probe for the
phase boundary between the skyrmion and half-skyrmion
phases in the high-dense baryonic matter under a mag-
netic field.
ϕ1(x,L/8,L/8)
ρ5(x,L/8,L/8)×C400
skyr
(a)
ϕ1(x,L/8,L/8)
ρ5(x,L/8,L/8)×C800
skyr
(b)
FIG. 5: The distribution of φ1(x, L/8, L/8) and ρ5(x,L/8, L/8) × Cskyr400(800)in the skyrmion phase where L = 2.0[fm] for√
eB = 400[MeV] (a) and
√
eB = 800[MeV] (b).
ϕ1(x,L/8,L/8)
ρ5(x,L/8,L/8)×C400
h-skyr
(a)
ϕ1(x,L/8,L/8)
ρ5(x,L/8,L/8)×C800
h-skyr
(b)
FIG. 6: The distribution of φ1(x, L/8, L/8) and ρ5(x,L/8, L/8) ×C(h−)skyr400(800) in the half-skyrmion phase where L = 1.0[fm] for√
eB = 400[MeV] (a) and
√
eB = 800[MeV] (b).
IV. CONCLUSIONS
In summary, we proposed a novel possibility to cre-
ate a chiral-imbalance medium in a high dense baryonic
matter under a magnetic field. It is a chirality-imbalance
that can be emerged due to the magnetic U(1)A anomaly
coupled with a local-nontrivial inhomogeneity of a pion-
vector current arising in the high-dense matter system,
as was roughly sketched in the introductory part of the
present paper (Eq.(I.1)). This imbalance is in contrast
to the conventional one generated by the gluonic U(1)A
anomaly in the case of hot QCD matter. Hence it would
provide a new chance to examine how much the U(1)A
anomaly can be relevant to the net chiral asymmetry,
compared to the spontaneously broken chiral symmetry.
To demonstrate the crucial contribution of the pro-
posed chiral-imbalance in Eq.(I.1), in the present paper
we have taken the skyrmion crystal approach to make
a model description for baryonic/high dense matters, to
explicitly show that a nontrivial chiral imbalance distri-
bution can indeed be induced in the modeled skyrmion
crystal, due to the presence of a magnetic field. Interest-
ingly enough, the chiral imbalance distribution turned
out to take a wave form in a high density region, when
9the inhomogeneous chiral condensate develops to form a
chiral density wave. This implies the emergence of a non-
trivial density wave for the explicitly broken U(1)A cur-
rent simultaneously with the chiral density wave for the
spontaneously broken chiral-flavor current. This emer-
gent wave was dobbed “chiral-imbalance density wave”.
We further observed that the topological phase tran-
sition in the skyrmion crystal model (between the
skyrmion and half-skyrmion phases) leads to the change
of the chiral-imbalance density wave in shape. In partic-
ular, it was shown that in the half-skyrmion phase, the
periodicity of the chirality-imbalance distribution syn-
chronizes with the the inhomogeneous chiral condensate,
in contrast to the case of the skyrmion phase where the
chiral-imbalance density wave flows with a different pe-
riodicity from a chiral density wave.
The emergence of the chiral-imbalance density wave in
dense matters could give a crucial contribution to studies
on the chiral phase transition, as well as the nuclear mat-
ter structure, in compact stars under a magnetic field,
and would give a significant impact on analyses regard-
ing the inhomogeneous chiral condensate through intro-
ducing the chiral density wave, as was mentioned in In-
troduction of the present paper.
Also, our findings would make an important step to
make deeper understanding of the role of the U(1)A
anomaly in a sense of the origin of baryon mass as well
as the baryon matter structure, and would give some im-
pacts on an interdisciplinary physics like those raised in
Introduction of this paper, e.g. the chirality imbalance
for chiral neutrinos in supernova explosions and similar
related chiral transport physics in dense matter systems.
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Appendix A: Translational symmetries for ρ5 and φ1
In this Appendix, we provide a supplement on the
translational symmetry properties for ρ5 and φ1, which
can help understand the coincidence for the periodicity
among them in the half-skyrmion phase, as has been ob-
served in Fig. 6.
Under the translational symmetry, ρ5 transforms in the
following way: in skyrmion phase with the FCC struc-
ture, we have
ρ5(x, y, z) = ρ5(x+ L, y+, L, z)
= −ρ5(x+ L, y, z + L) = −ρ5(x, y + L, z + L) , (A.1)
while in half-skyrmion phase with the CC structure, we
have
ρ5(x, y, z) = −ρ5(x+ L, y, z)
= −ρ5(x, y + L, z) = ρ5(x, y, z + L). (A.2)
Under the translational symmetry, φ1 transforms as
follows: in skyrmion phase with the FCC structure, we
have
φ1(x, y, z) = −φ1(x+ L, y + L, z)
= −φ1(x + L, y, z + L) = φ1(x, y + L, z + L) , (A.3)
while in half-skyrmion phase with the CC structure, we
have
φ1(x, y, z) = −φ1(x+ L, y, z)
= φ1(x, y + L, z) = φ1(x, y, z + L) . (A.4)
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